HARMONICITY OF GIBBS MEASURES 



CHRIS CONNELL+ AND ROMAN MUCHNIK* 



Abstract. In this paper we extend the construction of random walks with a 
prescribed Poisson boundary found in CM04 to the case of measures in the 
class of a generalized Gibbs state. The price for dropping the a-quasiconformal 
assumptions is that we must restrict our attention to CAT(— re) groups. Apart 
from the new estimates required, we prove a new approximation scheme to 
provide a positive basis for positive functions in a metric measure space. 



1. Introduction. 

In recently years a number of authors, and most notably V. Kaimanovich, have 
successfully shown for various classes of "large" groups, that most random walks 
have an associated Poisson boundary that is at least as large as its geometric bound- 
ary (e.g. |KV83| . [Eal9l IKaiOOl IKail)3| . |KM961 IKM98 | ) . 

We are interested in the converse question of whether or not a given measure on 
the geometric boundary can possibly arise as the Poisson boundary of some random 
walk. Early on, Furstenberg ( Fur63l IFur67l lFur71| l first answered this question 
affirmatively for the Haar measure on the Furstenberg boundary G/P of a certain 
class of semisimple Lie groups G, where the random walk occurs on a lattice in G. 

In the current paper, we answer this question affirmatively for a large class of 
natural measures on the geodesic boundary of a negatively curved group. This 
mostly completes one direction of the work begun in [HMMj . whe re we answered 
the same question for the case of measures in the class of a-quasiconformal densities 
on the boundary of a group acting on a Gromov hyperbolic space. The most fa- 
mous example these measures, arising for a particular a, are the Patterson-Sullivan 
classes. (In this generality, the Patterson-Sullivan measures may possibly refer to 
several distinct measure classes arising from different choices in their construction.) 
We will presently treat a much larger family of measures which include the quasi- 
conformal ones, but in return we must restrict the class of groups we consider. 

We restrict to the case of a group G acting cocompactly by isometries on a 
CAT(— k) space H. The measure classes we consider are represented by the Gibbs 
streams and arise as certain conditional measures for the classical Gibbs states. 
These classes include most of the known ergodic measures on dH . The concept of 
the Gibbs state was imported into the theory of dynamical systems directly from 
statistical mechanics. Gibbs streams for negatively curved manifolds have been 
studied extensively in several contexts (see |Eow75| or |Rue78| for a list of early 
references) . 
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We briefly mention one way in which they appear in the case when H is a 
negatively curved manifold and G < Isom(iJ) acts cocompactly. Let M. be the 
space of G invariant Borel probability measure on SH which are invariant under 
the geodesic flow. Let h v denote the metric entropy of the measure v e M. If $ is 
a G invariant Borel function on the unit tangent bundle SH, then the pressure of 
$ is given by 



A measure v such that P(3>) = h v — is called an equilibrium state for <£>. If 
$ is also Holder continuous, then there is a unique equilibrium state for $ which 
is denoted by i/*. Since the geodesic flow on a closed negatively curved manifold 
is Anosov, Bowen showed ([Bqw75] that the equilibrium state coincides with the 
Gibbs state which appears in thermodynamic formalism as the eigenmeasure of 
the transfer operator corresponding to $. This measure has several important 
dynamical properties. 

There is a natural identification SH = (dH x dH) \ A where A is the diagonal. 
We can decompose i/* into conditional measures { u p} peH on 9H (see |Kar90| ). 
These measures form what is called the Gibbs stream for $. 

In Section E| we will exploit a construction of U. Hamenstadt ( Ham97 ) which 
allows Gibbs streams to be viewed as generalizations of a-quasiconformal measures 
in a hitherto new way. This allows us to easily generalize the Gibbs construction 
to the CAT(-l) setting. 

In what follows, let H be a CAT(— 1) space and let G < lsom(H) be a group 
of isometries acting cocompactly on H. We further assume that H has bounded 
flip (see Definition IB.6|I . This condition is satisfied for the common examples of 
CAT(-l) spaces: negatively curved manifolds, buildings and infinite trees. 

Define the unit tangent space SH to be the space of all unit speed geodesies in 
H. There is a natural metric dist on SH given by 



In this generality distinct geodesies can share common segments, and it will be 
necessary to restrict our attention to the family, 7i, of those Holder functions $ 
satisfying $(71) = $( 72 ) if 71 ([0, e]) = 72QO, e]) for any e > 0. 
Now we can state our main result. 

Theorem 1.1. Let H,G and $ G TL be as above. For every p € H there exists a 
measure /i p G P(G) such that Hp-kv^ = i/f and (dH,v p ) is the Poisson boundary 
for (G,ft p ). 

The above theorem is an immediate consequence of the following more general 
theorem. 

Theorem 1.2. Let H,G and $ G TL be as above. For every p € H and positive 
Holder function f on dH, there exists a measure pL v € P(G) such that [i v ★ /j/* = 
fVp and (dH,fi/p) is the Poisson boundary for (G,/j, p ). 

lr The pressure of <I> was historically defined as P(— but this choice of sign convention seems 
to have become more popular and we will also follow this choice since it leads to a more convenient 
normalization. 
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Some applications of this theorem will be explored in |BM05| . As an example, 
we indicate a consequence of a stronger version of the above theorem which we 
actually prove. For each p,q S G We may construct a mapping from L l (dG, v*) 

to l\G) given by taking / h-» {\{{p,q)} g£G where / = £ ffeG \fa q )*fy. The 
important properties of this mapping are that it is an embedding, sends positive 
lower semicontinuous functions to positive sequences, and that for the standard 
unitary representation g*f = fog^ 1 we have A^** (p, q) = X^(gp, gq) for all g,o~ G G. 
Note that here we have used that the right and left actions of G on itself commute. 

So fj,p above is not J2 g <£G ^g(P>P)3gp sm ce we use -^§- in defining \g(jp,p) instead 

of the terms arising in the terms of the convolution derivative, d ^*^ p = 1. 

Lastly, we would like to remark that for G a <5-hyperbolic group, I. Mineyev has 
discovered a metric (quasi-isometric to the original one) which mimics that of a 
CAT(-l) space (for instance d p (x,y) = e~ € ^ x ' v >' is a metric for some e > 0). We 
have employed a number of estimates which depend on the interior (as opposed to 
asymptotic) geometry. Nevertheless, using this new metric we suspect that it may 
be possible to push the main result over to the <5-hyperbolic setting. However, we 
did not attempt this. 

2. Regularity of measures and covers 

We first present some necessary notation. Recall that on a set X, a nonnegative 
function d : X x X — > K is called a quasimetric (or quasidistance) if d is symmetric, 
zero precisely along the diagonal, and satisfies the quasitriangle inequality: 

d(x, y) < C(d(x, z) + d(z, y)) 

for some C > 1 and all x,y,z € X. 

2.1. Doubling and related properties. Let X be a compact space equipped 
with a probability measure v. The symbol ||-|| will denote the ^{X.v) -norm. 

From now on, d will denote either a metric or a quasi-metric on A, as the 
context demands. Moreover, 7r : X x X — > [0, oo] will always denote a nonnegative 
continuous function which is zero precisely on the diagonal and nowhere else. We 
will sometimes call such a function a distance, even though it may not be symmetric 
or satisfy the triangle inequality. 

Let LT(x, r) — {y € X : 7r(y, x) < r and tt(x, y) < r} be called an open ball with 
respect to such a distance, and let B(x, r) = {y € X : d{y, x) < r} denote an open 
ball with respect to a metric (or quasi- metric) on X. 

Definition 2.1. We say that the function / : R — > M.>o is almost decreasing if 
there exists 8 > and C > such that 

(1) f(x)>f(y) if x + S<y 

(2) Cf(x) > f (y) otherwise. 

Definition 2.2. We say that an almost decreasing function 

G : X x X x R> -> M >0 
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is nicely decaying with respect to the measure v if there exists a constant Cg and 
ot-G, Pg > such that 

sup/ G{x,y,s)dv(y) <C G f s lfl 

xex Jx-n{x,r) max{e s r, 

for every s > and r > 

2.2. Holder constants. Recall that a map / : X — > y between metric spaces X 
and y is locally Lipschitz if for every r > and x S X we have, 

dY(f(x),f(y)) 

SUP : ? r < CO. 

ye B(*,r) a x (x,y) 

y=£x 

The other extant definitions of this notion agree when X is proper. We now recall 
the definition of the Holder constant on a given scale. 

Definition 2.3. As in the usual metric case, we shall say that a map / : X — » Y 
between distance spaces X and Y is locally a- Holder if for every r > and x G X 
we have, 

sup ^(/(;Ufa)) <00 . 

» 6 n ( ,,r) nx(x,yr 

For such a map, we define the Holder constant at x of scale r and of order a to be 
the quantity, 

dm*)= sup -jdmim . 

»eB(.,r) 7rx(a;,y) a 

Remark: It is clear that if / is locally a- Holder and s < r then D°/(i) < D®f{x). 
And for 6 < a with r < 1 we have D h r f(x) < D^f{x) 

In the case of locally a- Holder functions to R, we summarize any arithmetic rela- 
tions we may need in the following lemma. These will be mainly used in the proof 
of Theorem 15. II Each case may be verified by a simple (and omitted) computation 
based on the definition. 

Lemma 2.4. If F, G are two locally a-Holder functions on X , then F + G and FG 
are locally a-Holder. Moreover, 

(1) D$(F + G)(x) < D?,F(x) + B*G{x), 

(2) D«{FG){x) < (sup^^ \F(y)\) D a r G{x) + (snp d{x ^ r \G(y)\) D«F{x). 

(3) If G(x) 7^ for all x € X , then ^ is locally Holder and 



G) \G(x)\ (w£d( Xt y)< r \G(y)\) 

(4) If H :Y —t X is locally Lipschitz, then F o H 

D«(FoH)(x) < D a „ Dr(H){x) (F)(H(x)) * [D r {H){x)f. 
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3. Spikes 

To keep the discussion as general as possible, in this section we assume that our 
measure is not a single atom and has support X . We will measure X with respect 
to distance function tt. 



Definition 3.1. Assume G:IxIxM^ R >0 is a nicely decaying function (with 
respect to the measure v and constants Cq and (xq). A 5-tuple {h{x), r, a, s, C) 
where h(x) is positive function on X, r, C > 1, a € X, is called a G-spike if 

(1) h(x) > \\h\\ Loa jC on II(a,r), 

(2) for each x € B(a, r) c we have 

< h(x) < C h(a) e aGS [ G(x, y, s)dv{y) 1 and 

Jn(a,r) 



(3) if y,y' £ X satisfy n(y,y') < r, then h(y') < Ch(y). 



If h{x) is a continuous function we call (h(x), r, a, s, C) a continuous spike. Also 
if /i(a) = 1 we will call (h(x), r, a, s, C) a unit spike. Lastly we will often denote the 
spike by the function h(x) alone with the other constants implicit. 



Definition 3.2. If in addition a G-spike (h(x), r, a, s, C) has h(x) locally q-Holder 
with 

for all x € X, then we call h a q-Holder G-spike. 

The following two observations are immediate from the definitions. 
Lemma 3.3. Assume h{x) is a-Holder and 

mm < 

then for all r\ < r we have 

D a ri h{*) < CH{X) 



Also a positive multiple of a spike is a spike. 

Lemma 3.4. Assume (h(x),r, a, s, C) is a G-spike. If a\h{x) < f{x) < a2h(x) for 
some Q!2 > ai > 0, then (f(x),r,a,s,C^) is a G-spike. In particular, for every 
a > 0, (ah(x) 7 r, a, s, C) is still a G-spike. 



Proof. The proof is easy and is omitted (see jUMM]). 
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4. GlBBS STREAMS AND SPIKES 



Let H be a CAT(-l)-space with metric d and dH its geodesic boundary. The 
unit tangent space, SH, mentioned in the introduction is usually defined to be 
SH = ((dH x dH) \ A) x M where A is the diagonal subset. While SH is not a fiber 
bundle in general, it is homeomorphic to the unit tangent bundle when H is also a 
manifold. In fact, for any fixed point p € H, the homeomorphism from SH to the 
space of unit tangent vectors to geodesies is given by taking (£, (, t) i— > 7'(0) where 
7 is the unique unit speed goedesic with forward endpoint 7(00) = £, backward 
endpoint 7(— 00) = ( and such that 7(— t) is the closet point on 7 to the point p. 
(By convexity of the metric, there is a unique closest point.) For any CAT{— 1) 
space and choice of p £ H, the map carrying (£, (, t) ^ 7, with 7 defined as above, 
gives a bijection between SH and the space of parameterized unit speed geodesies 
in H. Because of this, we may sometimes write 7 £ SH to indicate a parameterized 
(bi-infinite) geodesic in H. 

From now on p, q, r will denote points in H and x, y, z will denote points in 
H U dH. Similarly, £, £, and v will denote points in dH. 

There is a natural flow g* defined on SH given by g*(£, C, s ) = (£> C> s + 
Equivalently, g*7 is the same geodesic as 7 except with starting point shifted by t 
so that g*7(0) = j(t). 

We recall from the introduction, the metric dist given by 



It is relatively easy to verify that the topology induced by dist is the product 
topology on ((dH x dH) \ A) x K. By using the same formula, we may extend the 
definition of dist to the space TH of all (non-unit speed) geodesies in H , including 
constant geodesies which we denote simply by their single point image. 

Let —7 £ SH denote the flip of the geodesic 7, i.e., —7(f) = 7(— t). We now 
establish some convenient properties of dist. 

Lemma 4.1. The function dist on SH satisfies the following properties 

(1) dist is a left invariant metric on SH , 

(2) for all 7 £ SH we have dist(7, —7) = 1, 

(3) for all 7 £ SH and s £ K we have dist (7^7) = \s\, 

(4) for all 71,72 £ SH we have dist(7i,72) = dist(— 71, —72)- 

Proof. The first item follows directly from the fact that d is a left invariant metric 
and e _ l*l is positive. For 2) we have 




1 f°° 

dist( 7 , -7) = - / d(j(t), 7(-t))e-l*ltft 



J — OO 




— OO 



ie-l'l = 1. 



For 3) we have 




Finally, we have 



1 [°° 

dist(7i, 72 ) - - / d( 7 iW,72W)e- |t| ^ = 




— OO 



OO 



d( 7l (-t), l2 (-t))e-^dt 



= dist (-7!, -72). 
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As before, let $ be a bounded Holder function on (SH, dist). We will say $ 
is tempered if whenever 71 and 72 are geodesies passing through first p and then 
a distinct point q e i7, we have $(g*7i) = $(§'72) for all < t < d(p,q). Note 
that such a pair of geodesies must share a common segment between p and q, and 
therefore the lift to SH of a Holder function on H is always a tempered Holder 
function. However, note that in general geodesies which intersect in a point need 
not have the same $ value. This definition coincides with the one given in the 
introduction, and we denote by Tt the space of tempered Holder functions. 

For each distinct pair p, q £ H we will denote by r Pi9 C SH the set of all 
geodesies ^ p . q such that 7 Pi9 (0) = p and jp tq (d(p,q)) = q. When H is a manifold 
r Pi g is a single element while r Pir? is uncountable when H is a tree, for instance. It 
is easy to observe that 7p,g((p • x) q ) = Jq,p((q ■ x) p ). 

If $ is tempered, then we can define a new distance on H by 

d*(p,q) = / SteS^dt. 



4.1. Results about d*. 

Lemma 4.2. Choose $ G 7i wi/Zi Holder constant L and exponent [3. Then there 
exists a function D : M>o — > K (depending on L and [3), such that for any two 
geodesies 71,72 such that 71 (0) = 72(0) —p and 0/(71 (T), 72 (T)) < r we have 

|c/*(p,7i(T))-c/*(p 1 7 2 (T))|<5(r). 



Proof. Observe that 

|d*(p,7i(T))-d*(p, 72 (r))| = / $(g s 7 i) ~ $(g s 72)ds < / |$(g s 7i)-$(g s 72)|ck 

Jo Jo 

< / Ldist(g s 7i,g s 7 2 )' 3 c/ S 
Jo 

Applying Lemma |A. 61 in Appendix lAl we obtain that the previous line is 



" 1 [ j3 +rl+P 



Set D(r) = 



Lemma 4.3. Le/ $ be a bounded function with maximum L. For any geodesic 7 
we have 

|d*(7(0),7(*2)) - d*(7(0),7(* l ))| <L\h- h\ 



Proof. Without loss of generality assume /a > fi 

pta 



c/ <P (7(0),7^))-c/*(7(0),7(ii)) 



/ 2 $(g s 7)d S < I* Lds = L{h-t 1 ). 

Jt 1 Jtx 



s 
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Corollary 4.4. Let $ be a bounded Holder function with Holder constant and 
maximum L. Then for any two geodesies 71,72 such that 71 (0) = 72(0) = p and 
^(71(^1); 72(^2)) < T for some t\,t% £ K, we have 

|d*(p,7l(*i)) - d*(p,j2(h))\ < D(2r)+Lr. 

Proof. Without loss of generality assume that t\ > ti then we have 

K(p,Tl(tO) -d*(p,Ts(t2))| < |rf*(p,7i(* 2 )) - d*(p,72(< 2 ))| + K(7i(t 2 ),7i(*i))| 

By convexity of the metric, \t\ — t2\ < r and therefore 

d(7i(*a),7a(t2)) < d(7i(*i), 72(^2)) + d(7i(*i), 7i(*a)) < 2r. 
And so we have 

|d*(P,7l(*i)) -d*(P.Ta(*2))| < D(2r)+Lr. 

■ 

Corollary 4.5. Le£ $ and $ 6e Holder functions with Holder constants and max- 
imum L. There exists a function D : R> — * M, swc/i i/iai /or anj/ two geodesies 
71 and 72 with d( 7 i(0), 72(0)) < r and d(7i(<i), 72(^2)) < ?" /or some t\,ti £ K we 
have 

|d*(7i(0),7i(*i)) - rf*(7 2 (0),72fe))| < D(r). 

Proof. Let 73 be a geodesic such that 73(0) = 71 (0) and 73(^3) = 72(^2)- Then 
|d*( 7 i(0),7i(ti))-rf*(72(0),72(t 2 ))| < 

< |d*( 7l (0),7i(*i))-d*( 7 3(0),73(*3))| + |rf*(73(0),73(i 3 )) + d*(72(0),7 2 (t2))| 
Since d?(jp,q) = d*(q,p), 73(0) = 71(0) and 73 (t 3 ) = 72^2), we have 

|d*( 7 i(0),7i(ti)) - d*(72(0), 7 2(t 2 ))| < 2 (5(2r) + Lr) . 
Set L»(r) = 2Z}(2r) + 2Lr. ■ 

4.2. $-Busemann function. For any Holder function $ we define its correspond- 
ing <1>-Busemann function as follows. For fixed p,q £ H, we have 

pt(p><l)= lim(d tE> (<7,z) -d*(p, z)). 

2: — >x 

If $ is symmetric we have p*(p, 9) = —p^(q,p). When $ = 1 then d* is the original 
metric d and hence = p\ is just the ordinary Busemann function, which we may 
sometimes denote by p x . 

Recall that the Gromov-product is defined as 

( x -v)p = \( d i x ^P) + d{y,p) - d(x,y)), 

where in the case when either x £ dH or y £ dH, we take the corresponding limits 
(see |Coo93j ). It is easy to observe that 

2(9 -Op = pd<i>p) + d (p> i)- 

Recall that any CAT(— l)-space is (5-hyperbolic for a sufficiently small value of 

S. 
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Lemma 4.6. Choose 6 so that H is 8 -hyperbolic. For any bounded Holder function 
$, we have 

\pt(P^l) + d ^(P,lq,p({q ■ x)p)) - d*(g,7p,«((P' x )o))\ < 3D(5). 
Proof. Recall that for any triangle p, q, x in (5-hyperbolic space we have 
di&m{-f p . q ((q ■ x) p ),-f p . x ((q ■ x) p ),-f q . x ((p ■ x) q )} < S. 



So 



l) + rf*(p,7g,p((9 ' x) p )) - d*(g,7 p ,g((p • a;) g ))| 
= lim z) - d*(p, z)) + d*(p, j q , P ((q ■ x) p )) - 7 P , g ((p • i) g )) 



limd (7g,x((p-a:)p),«) -d (-f p , x {{q ■ x) p ), z) 

+ (d 9 {p,J q , P ((q ■ x) p )) - d*(p,j PtX ((q ■ x) p ))) 
+ (d?(q,lqA(p- x )p)) - d?{q,1 P ,q((p- x )q))) 

< 3D(S). 

The last inequality follows from Corollary 14. 51 



4.3. Patterson-Sullivan construction. Let G be a subgroup of Isom(77). Recall 
that the Poincare series associated to G is 

5* (A) = e - d<Sf (p<9p)-^d,(p,gp) ^ 
g&G 

for a choice of fixed point p € H . Define the critical exponent for $ as 
A$ = sup{A : 5* (A) = oo} = inf{A : 5* (A) < oo}. 

A A 

This is independent of the choice of p. It is easy to observe that for any constant 
C we have A$+c = A$ — C and = //*. 



In the event that S'*(A$) < oo, we can repeat the above construction with 

S* (A) = Y, Hd*(p,9P) + \d(p,g P ))e- d *^- Xd( ™P\ 
sec 

where h : IR + — ► M + is a suitable subexponentially increasing function. Patterson 
|Pat76j showed that h can be chosen so that the critical exponent for the modified 
Dirichlet series remains A$ and S 1 * diverges at A = A$. Note that this is a general 
statement about series of real numbers of the form h(%i)e~ Xi for a positive 

sequence {x-i}. 

For any q £ H, the measure /i q is the weak* limit of the normalized measures 
J2 Kd*{p,9P) + \d{p,gp))e- d *^)-™^5 aq , 

as A \ A$. Since G acts cocompactly on H, the measure /x* is independent of the 
choice of limiting sequence in A. The proof is the same as that for the uniqueness of 
conformal densities in CAT(-l) spaces (see [CF J 95 ■ ). By construction fi q is a finite 
measure supported on dH. It is a probability measure when q = p, but in general 
it is only finite for other points q. 
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From now on $ denotes the flip of <!>. Also define Sym(Q) — . 
Lemma 4.7. //$ is G-invariant, then 

A$ = Ag > <\sj/m(*)- 

Proof. It is easy to observe that 



fd(p,gp) _ 

/ *(g*7 M -^)* = d*(P.5 _1 P). 
o 

This implies that A$ = Aj. Also applying the inequality a 2 + b 2 > 2a6 to 

a = e -d*(p,9P) and 6 = e'^^^p) ; we obtain 

S*(A) +5*(A) > 25 Sym( * } (A). 
So we obtain A$ = A g > Asj, m ($) . ■ 

Define A($) = A Syro ($) - A* < , so tha t A$ = \sym(<s>)+A{<s>)- 
The next proposition appears in Kai04 as Proposition 3.5 for the case of man- 
ifolds. However, the measures, f*, that the author defines relate to the ones we 
define, /i*, by = fi~ . We choose this normalization for convenience later on. 
For the general CAT(-l) case, the proof is a simple calculation from the above 
formula for fi p and is identical to the original case found in |Sul79| . 

Proposition 4.8. For G < Isom(_ff ) and any G-invariant Holder function $ on 
SH , there exists a family of finite positive measures {Hp} p ^dH parametrized by 
points p G H with the following two properties: 

(1) The family {/i*} is G-equivariant, i.e., = g/i* for any p £ H and 
geG; 

(2) The measures /z* are pairwise equivalent and 

^L(P\ = p-pf(P>i)-**Pf(P,<i) 

The family {fip} with these properties is unique up to global constant multiple. 

Remark 4.9. As remarked in the introduction, the critical exponent A$ coincides 
with the topological pressure of $ (see Kaimanovich l\a:() II. but note that he is 
using P(— $) for P($)). For instance, when $ = C, the formula for A$ given 
earlier, above implies that its pressure is Ac = Ao — C where Ao is the ordinary 
critical exponent of the group G relative to the metric d. On the other hand, 
the variational formula for the pressure of 0, implies that Ao is the topological 
entropy of the geodesic flow. At least in the case when H is a manifold and G 
acts cocompactly, the pressure functional defined in the introduction also agrees 
with the Bowen-Ruellc definition arising from thermodynamic formalism (see Ruelle 
|Rue78p . 



d.(p,gp) 



®{E7p,gp)dt = 

d{p,gp) 
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4.4. The Function G. We now continue our analysis of dr. 

Definition 4.10. For e £ M and a point p E H, we say that a function <f> has 
geodesic average at least e at p if there is a constant Tel such that 

^*(p,7p,«( s )) > se- T, 

for all s > and £ € <9iJ. 

Note that the notion of geodesic average is stronger than the ordinary time 
average along a geodesic since we assume T is a fixed value instead of a sublinear 
function in s. 



Now we define G* : dH x dH x R> — > M >0 as follows 
(4.1) G*(x,y, S ) 



e -2d (7j>,v(( a; -I/)f).7»>,w(»)) if s > (x • J/) f 

1 otherwise 



Let jU p be Patterson-Sullivan measure at the point p, i.e., the Gibbs stream based 
at p for the function $ = with corresponding critical constant Ao- 

Lemma 4.11. Assume that 4> — A$ has positive geodesic average e at p for e > 0. 
Then 

G*(x,y >S )dn P (y) < C, lp e- XaS mm{e-< s - a \l}. 

{y ■ (x-y)>a} 

Proof. By compactness, we may assume |$| < L where L is the Holder constant 
for Let = to < t\ < ' ' ' < t n +i = min (a, s) such that t i+ i — = 1. Let 
II f = {y £ dH : ti < (x- y) p < t i+ i}. By Lemma FOl for all s, t such that \s — t\ < 1 
we have |2d s *""W '(7p,»(*),Ti„»(*))| < 2L - 



/ G i '{x,y,s)d^ p {y) < V / 



e -2d (lp,y((x-y) p )n P ,v(s))^^^ 

Since 2^ = d-^ 3 + d /+9 we obtain 

n „ 

since p^{p : lp, x {ti)) < — i< + 1 + 2(5, for all £ such that (£ • x) p > ti where dH is 
(5-hyperbolic space. Hence ^0^(0 = e' XoP >^-^ u)) > e Mh-l-2S) ^ yielding 

n /, 
< V^ e 2ig-e(s-ti) / e -d' I, + A '>'(7 P .y(t I ),7 P .y(s)) e -Ao(ti-l-25) d ^ 



i=0 
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since d(7p,x(*i)) lp,y(ti)) < 8 + 2, because U + 1 > (x ■ y) p > i,-. So we have 
d-ilyp x (ti).y( s ~ ti)'Jp-y( s )) — 2 + 2(5. From this estimate we obtain the bound, 

|d*(7p^U).7p,»(*)) " <**(7p,*(fi),7 7l ,,*(t0,i/( s " **))| ^ D ( 2 + 26 )- Now b y Coro1 - 
larv !4.5l we can continue from the previous inequality, 

n 

< y^ e 2L e -A (ti+l+25) e -e( S -tj) 
t=0 

^ -d* + A *( 7p>x (t I ),7 7p , :c ( tl ), ! ,(s-t ! ))+-D(2+2<5) 



< e 2L+C>(2+2(5) e -Ao(t s + l+25) e -e( s -t i ) e -Ao(s-t I ) 



t=0 

< Q' e — AoSg-e(s— min(s,a)) 

To complete the above estimate we need to show that for all q € -ff , for all Holder 
functions <1> and s > 0, we have 

dH 



This is precisely the statement of Corollarv lC.3l in the Appendix C, since A^+a* = 0. 
If a < s then the proof is done. In case of a > s observe that {y € dH : s < 
(x ■ y) p < a} C {y € dH : s < (x ■ y) p < oo} = Tl^ and 

/ G 9 (x,y,s)d(i p (y) < ^(n^) < C"e- Xas . 
-'n 00 



We now recall the definition of "nicely decaying" from 12.21 

Corollary 4.12. If $ — A$ has a positive geodesic average e at p, then the func- 
tion G* is nicely decaying with respect to the Patterson- Sullivan measure fj, p with 
constants ag = Ao and Pq = e. 

Since $ + C — A$ + c = $ — A$ + 2C, we may always arrange, without changing 
Vp, that $ — A$ have positive geodesic average by simply adding a sufficiently 
large constant to Moreover, in the case when G acts cocompactly, Proposition 
IC.5I in Appendix IO shows that when $ is normalized to have zero pressure it will 
automatically have a uniformly positive average along all geodesies. 

4.5. Derivatives are purpose of this section we take L 

to be a number larger than the Holder constants for $ and $ and the upper bound 
for |$|. As a reminder in what follows, recall that j Ptq represents any ray which 
extends the oriented geodesic segment from p to q. All results are independent of 
this choice, when there is a choice. 

Lemma 4.13. Assume $ € Ti has positive geodesic average (with constants e > 
and T) at some p € H . There exists a constant C$ such that for all q G H, the 
5-tuple 

( e -aA7,.,«6-9),),9) , 7 J ,,,(oo), e- d{p ' q \d{ Pl q), C$ 



is a G* -spike with respect to the symmetric distance Tr p (x,y) — e (^'Wp (actually a 
metric after possibly reseating d). 
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Proof. Set/i(£) = e-^O^Kf-?)*).*). It is clear that /i(7 P)9 (oo)) = 1 > max(/i)e" 2T . 

Observe that, for all £,£ € <9i/ such that (£-() P > d(p,q), we have |(£ • g) p — (C • < 
5. Thus 

_ p 2d*( 7p>9 ((C- 9 ) p ),9)-2d*( 7p , g ((4.g) p ), 9 ) < p |2d*( 7p ,,((C-?) p ),g)-2<i' , '( 7p ,,((C. 9 ) p ),g)| < 2L«5 

MC) " " ■ 

Recall that n(7 Pi9 (oo), e - d ^) = {y e dH : (y ■ 7p , g (oo)) p > d(p,q)}. Also 
li p (Tl( lM (oo),e~ d (P^) > -Le- X ° d( ^ q l So we have 

h(x) = — - — — - -r, — r-- / h(x)dfj,p(y) 

< h( lp , q (oo))Ke x ° d ^ f h(x)dn P (y). 

"'n( 7p>g (oo),e-< i (P'9)) 

To finish the proof, we need to show that G ^ x ~g7^ q ^ is uniformly bounded for 

every y £ n(7 P)9 (oo), e~ d<JP,q ^). We need to consider 2 cases: 

Case 1) (Easy Case) d(p,q) < (x ■ y) p . Then h(x) < e 2T < e 2T G(x,y,d(p,q)). 
Case 2) d(p,q) > {x-y) p . In this case G(x, y, d{p, q)) = e - 2 ^(7 P ,j/((^aW,7 P ,«(<J(p,9))). 
Since (y ■ 7 P , g (oo)) p > d(p, q), we have (y ■ q) p > d{p, q) - 8. So 
(x ■ y) p > min((a; • q) p , (y ■ q) p ) -S> min((:r. • q) p , d(p, q) - 8) - 8 > (x ■ q) p - 28. 

On the other hand, 

(x ■ q) p > min((x ■ y) p , (y ■ q) p ) -8> min((a; ■ y) p , d(p, q) - 6) - 6 > (x ■ y) p - 28. 

We obtain |(a; ■ y) p — (x ■ q) p \ < 28. 

Since (y-j pq (co)) p > d(p, q), for every < t < d(j>, q), we have that rf(7 P , g (i), 7 P ,y (i)) < 
8. (This actually holds for all < t < (y ■ 7 P . g (oo)) p .) Now 

\d?{l P , v {{x ' y)p),"t P ,y(d(p,q)))) - d*(7 p , 9 ((a; • q) P ),q)\ < D(3S). 
This finishes the proof. ■ 

Corollary 4.14. Assume <& € Ti has pressure and G < lsom(H) acts cocom- 
pactly. Fix p G H . Then there exists a constant Cj> such that for all q € H, the 
5 -tuple. 

1 dfif x 



^L,-y M (oo),e- d ^\d{p,q),G 



<i> 



is a G Sym W -spike. 

Proof. By assumption A$ = 0, so by Proposition EH $ has positive geodesic aver- 
age at all p. Multiply the G^^-spike ( e - 2 <* StfmC * ) (7«. < « I ((e-5)p),?) ) 7m (oo), e~ d ^ q \d{p, q), C Symm ) 
by e ^(f>>W(e-«W). Bv Lemma IO 

(e ^( P , 7p „(?- 9 ) P )-^( 9 , 7p , 5 (c- 9 ) P ) ; 7p g(oo)j e -d(p, ?)j dfe g)) Csymw) 

is a G SyTO ^-spike. By Lemma ELI)! and Lemma IO 

( dV>q , 

is a G^"^*) -spike. Set C$ = e 9D WC Sym W- 



= e -P« Cm), 7p ,,(oo), e- d <™\ d(p, <?), e 6D(5) C 5ym($) 
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5. Basis Theorem. 

In this section we prove an approximation theorem about G-spikes. On first 
glance, it may seem disconnected from our stated goal in the introduction, but it 
plays the lead role in the whole construction. 

Theorem 5.1. Let (X,d,v) be a probability metric space. Assume G : X x X x 
R>o — > K>o is an almost decreasing nicely decaying function with respect to v 
with constants Cq, Qg>/3g- Assume T = {(f a ,r a ,a a , s a ,C a )} ae i is a family of 
continuous unit G-spikes. 

Let h : M — ► M be some non-increasing function such that limt_ +00 h(t) = 0. 
Assume that there exist constants BeN and S > (we assume that S and R are the 
constants for G from the definition of almost decreasing) such that for every D > 
and some S > there exists a countable subcollection {{fi,ri,ai,Si,Ci)} c ^ 1 C T 
such that 

• ft < h(S) and Sj > S and C% < D, 

• #{z : x € Ii(aj,rj)} < £? /or every x £ X, 

• | — Sj\ < 6 for all 

• y(X-\JZ 1 'n(a i ,r i ))<h(D), 

(1) TTien /or every continuous uniformly positive function F there exists a 
countable set {a,} C / and constants \ ai > such that 

CO 

F = ^ A Qi f ai , 

t=i 

with convergence in L 1 (X, v). 

(2) Moreover, if there exists one such D > and positive constants to, S and a 
such that for every S we can choose a finite subcollection {(/», r,, aj, s,, Ci)}k =1 C 

wif/i Ci < D and the extra conditions 

• me~ s < Ti < e~ s , and S < Si < S + 5, 

• X = Uj=i n(aj,rj) } and 

• /j are a-Holder G-spikes, 

then for every positive Holder function F we can find a countable subset of 
indices {c^} C / such that 

oo 
t=l 

wifft convergence both pointwise and uniformly, and 

GO 

t=i 

First, we will need to prove a Key Proposition. 

Proposition 5.2. Let (X, d, v) be a probability metric space. Assume G : X x X x 
R>o — > K>o is almost decreasing nicely decaying with respect to v function with 
constants Cq. For every uniformly positive function F we set 

t^F) = sup (^4 : ^ex, y e y) 



and 
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too{F) >t £ = sup|^||| : xeX,yeY,ir{x,y)<e} I. 



Choose e > and S such that t^e @ cS < e^ c t e . 

Assume that {(/•£, rj, 04, s,, Ci)}™j is a set 0/ G- spikes such that 

• r j < e and Si > S and Ci < D, 

• : x € n(ai,r.i)} < _B /or every x S X, 

• I Si — Sj| < 5 /or a/Z 



and denote Y = [J°° =1 n(aj, Tj) 
\stants 

00 



Then there exists constants < A, = 2 ^,°^ B such that 



and 

f:mx)> on ^l„ forallxeY, 



2D*C Q tlB 



Proof. Let s"= sup(sj) > S. Let us estimate X^i F( a i)f( x )- 

00 00 

E F (fi<)fi(x) < E / G*(z, y, 8i)du(y) 

<DVe^ F( ai )C G G*(a:,y,s>M!/) 

Z~! inla„r,) 



t=l 

00 



<DC G f]e a ^ [ F(y)G*(x,y,s)dv(y) 

< DC G t e Be a ^ J^F(y)G*(x,y,s)dv(y) 

< DC G t e Be a ^ I / F(y)G*(s,y,«)di/(y) + / F(i/)G*(x,y,S)di/(y) J 

Wn(x,e) Jy-n(i,() y 

<DC G t e Be a ^l[ t e F(x)G*{x,y,s)dv{y) + [ F{x)t 00 G 9 (x 1 y,t)dv{y) 



< DC G t e Be aGS F(x) [t^- aGS +t OD e- aQS —^j = 2DC G t c BF{x) 
Also observe that for all y € Y such that n(x, dj) < r, < e we have 

i— 1 

Dividing by 2DC G t\B we obtain the proposition. I 



Now we can prove Theorem 15. II 
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Proof. Let us describe the inductive procedure, how we approximate F. Fix £ > 1. 
Take a sequence D n > 1 such that h(D n ) — > but X^^Li 773" = 00 ■ Also fix any 
bounded sequences r„ > 1 (from above) and 7 < 7„ < 1 (we can easily assume that 
r n = 2 and 7„ = 1/2). Set Rq = F and e_i = 1. Assume we have a continuous 
function i? n with respect to the distance n. 

We set g(x) =mx. Construction steps: For every step we will have t tn < £. 

(1) Find e n such that t en (R n ) < i. In the case 2 i.e., when R n is a-H61der set 



inf 



(l-l)inf x£A - R n (x) , \ a 



(2) Set S n to be a number such that h(S n ) < e„ and i 00 (-Rn)e~ ,3G ' s " < e^l. In 
case ft.(s) < e~ s second inequality implies the first one so we can actually 

set e" s " = e„ (j^) 

(3) Find a set of spikes satisfying the conditions of Theorem 15.11 for D n and 

S n ,le, a set of spikes {(f (H w , r a . {n) , a a . (n) , s a<M , C aiM )}^L v such that 

• r a ( n) < h(S n ) and s q („> > S n and C q( „) < D n , 

• #{i : x G II(a (»),r («))} < £? for every a; G X, 



S (n) — S (n) 
00 



< (5 for all in the second case S n < Sj < S n + 5) 
"^-U«n(a a (»),r a w))</i(^), 

(4) Find a finite a number k n such that f(Jf — Uj=i n(o (») , r (»))) < T n h(D n ), 

and set y„ = II(a (») , r (»)). In the second case this is automatic and 
Y n = X. 

(5) By Proposition l5 . 21 there exists a function h n (x) = Yli=i ^ a in ^ / («) ( x ) such 
that Aj > and 

/i n (x) < F(a;) Viel 

(6) Set R n +i = R n — lnh n - From step 5 and since 7„ < 1, we have R n +i is 
uniformly positive and continuous. 

Now we estimate the L 1 -norm of R n +i (Here ||.|| p ^ defines L P (A, z/)-norm for 
1 < p < 00): 



l-^Wllll.X = ll-^n — 7n' 1 n|li i x < \\Rn — 7n' l «|ll,Y n + \\Rn — 7n^n|| l,X-Y n 
In 

2DIPC G B / 

In 

2D*PC G B, 



^ ( 1 - on 2 So 5 ) PnlliX+^MAOII^IL.X 



Since T n h(D n ) — » and Jl^Li fl — JWWc^b) — wc obtain (by Lemma 5.12 of 
CM04 , for instance) that ||-Rn||x,i(x 1/) ~~ * 0. From construction we have 

00 00 k n 

F(x) = R {x) = ^2j n h n {x) = ^ 7n ^ A Q <"> ( X ) in ^P^)- 
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In the second 2 we have 



Rn+l{x) = R n {x) - lnK{x) < \ l - 2D 2 ^ CqB j R "( X ) 

This proves that 

OO OO k n 

F ( x ) = X! 7™M X ) = ^2 7« ^2 \< n) ^a w ( x ) with uniform convergence. 

7i—l n—1 i—l 

Now let us prove the second estimate in case 2. First few of trivial observations: 

k n n—1 / \ 

IML * = - - n ( 1 - 2Wcci ) ||F(x)|1 ^ ■ 

i— 1 ? 

t 00 {R n+1 ) = SUp — = SUp — — — — 

x,y£X Kn +1 [y) x ,y<£X n n (y) - 7 

i 1 ~ 2D?1*C c b) Rn( x ) {} ~ 2D^C g b) 
< SUp — = ; toolRn). 

x, y ex (l-j n )R„(y) l~7n 
• For all x, y e X such that ir(x, y) < e n with e„ as defined we have 

te n ( R n)= SUp = SUp —— hi 

7r(x,y)<e ri 7r ( a; ) y)^e T1 . 

< sup - £ " + ! 
v^x n(y,x) a mf ye xRn{y) 

Tr(x,y)<t n 

< D a e (R n ) — + 1< I 

~ n >sup yeX D^R^y) ~ 

since e„ < e n _i. 



In view of this we will estimate £)J, ,R n+ i(x). 



i=l 



Since g(e„) < e„ < .g(e„-i) we have 

I>- (en) iWi(x) = fl; (( „,^W +7n^ (e „)ft„(a;) < D a g{€n _ i) R n {x)+ ln D n ^- a 

(£ - l)inf xeX R n (x) , n ft„(a;) 
< h 7™^« 



<7(en) a 



< max(t - 1, £)„) — h 7„ = + D n )- 
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Now 



• f ( Cg - l)™fxexRn+i(x) \ 
= 1111 ™ 5 rr>s(en 

f f {£ - l)inf xeX Rn+i{x) r \a r \a 

> mf 77—771 5 TT5(en ,g{e n ) 

\{£ + D n )sup xeX R n+1 (x) 

{e-l)inf xeX R n+1 (x) £-1 g(e n ) a 



> 



(I + D n )sup xeX Rn+l(x) (£ + D n ) <oo(i? n+ i) 

(£-l)m e% 



{e-l + D^tociRn+t)' 

Simple induction proves that 

'(£-l)m 



> 



Recall that D n < D and we set 7„ = 7 to be a number such that 
K > 1. Thus we have too(R n ) < ^™t oo (i? ). And so 



(l-l)m\ n eg /(f-l)mV JT" ( " +1) 2 ( " +2) 



> ^ '— — a > 



+ AO / nti ^*oo(^o) ~ V V + D) J t^R 



~' n + l - \(cm n_w Trn+i ^4 cd^ - I (P4-n\ 1 i.Jn^n+x 
Now 



fi -^- = e « ( 1 \ * > f £z!M n if-^ 1 ^ 1 f * A * 

Now we have 

s Q (") < S„ + 6 < p(n), 
where p(x) is a polynomial of degree 2. Now 

E E v IL x s 4 n) - E( s - + *) 1 - 2 ^c r g l|iio11 ^ < °°' 

n=0 i=l : n=0 ^ h ' 

as 5„ grow polynomially. ■ 

Proof of Theorem \l.!d We wish to apply the above theorem by setting F = f, 
X = dH, v = i/p, and the index set I to be the group G. Under the hypotheses, 

the radon Nikodym derivatives, f g = g*F^^- are G Sym (*)-spikes by Corollary 
14.141 and Lemma [3.41 We make them unit spikes by dividing by / ff (7p,g P (oo)) = 
F(7 g -i p p (oo))e d '"( p ' sp ) to obtain unit spikes f g . Under the assumptions of the 
theorem, H has bounded flip. Therefore, we may apply Proposition IB. 91 to show 
that %^ is Holder with Di %^ < 4- On the other hand, the action of g is 

dv T g dv — r c g ' J 

conformal and Lipschitz with respect to tt p with D r g(() = sup^ en ^ r \\ <~ e~ B ^ p,9P ^ < 
e d(p,gp) _ jjence by Lemma [2.41 applying the chain rule and product rule we have 
that D\ f„<^7 with C independent of g. Hence the /„ form a family of e-H61der 

G-spikcs. Moreover, the spike constants are related by r g = e~ s s = e _!i ^ p,9P -' and 
hence for any 5 > and S > di&m(H/G) the family of shadows H(a g ,r g ) for 
S < s g < S + 5 cover all of dH. 
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Therefore we obtain both conclusions of Theorem l5. f I Setting [J-p(g) — A 9 ||/g||i = 
\ g e~ d *( p ' 9p > , the first statement of the theorem states that (i* fi> = fv. The 
second part states that first moment is finite, J2 g eG Mp(<?) logdfjJ, gp) < oo. We 
may write the entropy of fi p as - J2 g eG Ms) lo SA*p(f) = J2 g eG Vp{g)d<s>(p, gp) - 
J2geG X 9 e ~ d " {P ' 9P)lo S X 9- Since < d, this is finite if and only if J2 g£G X g e~ d * (p ' 9p) log ± < 

oo. On the other hand, ^2 geG ^ g e^ d<s> ^ p ' 9P ^ d{p, gp) < oo. So the former sum con- 
verges unless possibly for some subsequence gi € G lim^oo g?^^ ~* 00 ■ However, 
for any such subsequence the sum — A Si log X gi is bounded since the number of 
elements with d(p, gp) fixed grows at most exponentially while X gi decays super- 
exponentially in d(p,gp). Hence the entropy of \i v is finite. By the criterion of 
Kaimanovich in KaiOO , the measure /z/* is a Poisson boundary for /i p . ■ 

Remark 5.3. By following the procedure found in (CM04j . we can vary the A g at 
each stage in the construction in Theorem l5.ll This allows us to produce an infinite 
dimensional space of measures /z (random walks) on G each with the same Poisson 
Boundary (dH, fv®). 
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Appendix A. Unit Tangent Spaces 

We recall the notations from Section QJ 

Lemma A.l. Assume H is C AT (— 1)- space. Let p £ H and 7i(t) and 72 (t) be 
two geodesies such that 71 (0) = 72(0) = p. Then for all < s < S and < t < T 
we have, 



cosh(d(7i(s),7 2 (t)))-cosh(t-s) cosh «7i(5), 72 (T))) - cosh(T - S) 
cosh(t) cosh(s) - cosh(i - s) ~ cosh(T) cosh(S) - cosh(T - S) ' 
and if s = t and S = T we have 

<*(«*(*),<»(*)) < 2arcsinh (sinh |^L) . 

In particular, d(7i(t),7 2 (t)) < 2 sinh f d ('>' 1 ( T ^ 2 (' r )) ^ e *~ T . T/izs is accurate when 
T ^> 4+ irf(7i(T), 72 (T)). Similarly, when t and d(ji (T), 72 (T)) are Zarge, we /lave 
ffce estimate feg^S^^M > 2 - Q (maxje-'.e^fa^^^}) . 



Proof. l)We use the law of cosines for the hyperbolic plane of curvature —1: for a 
triangle with sides a, b, c we have 



cosh(c) = cosh(a) cosh(£>) — sinh(a) sinh(fe) cos((9) 

= cosh(a — b) + sinh(a) sinh(&) (1 — cos(#)) , 

where 9 is an angle between sides a and b. 

Now suppose o\ and cr 2 are unit speed geodesies in H 2 with <ti(0) = ct 2 (0) 
and d M 2 (ai(S),a 2 (T)) = d( 7l (S*), 72 (T)). The triangles [cti(0), ai(s), a 2 (t)} and 
[(Ti(0), cti(5), cr 2 (T)] in H 2 share the same angle at cti(0). Therefore, if a = s, b = t 
and c(s, t) = d^2 (oi(s), cr 2 (t)) in the law of cosines, then we have 

cosh(c(s, t)) — cosh(s) cosh(t) sinh(s) sinh(i) cosh(t) cosh(s) — cosh(i — s) 



cosh(c(S, T)) - cosh(S') cosh(T) sinh(S) sinh(T) cosh(T) cosh(S) - cosh(T - S) ' 

By the comparison property for the CAT(-l) space H for a triangle with side 
lengths S,T, and d (7i(<S) ,72 {T)), we have that d (71 (s), 72(4)) is not more than 
the same distance measured in the hyperbolic triangle with the same side lengths. 
Since cosh is increasing we obtain the first estimate. For the second we take s = t 
and S = T to obtain, 



cosh(d(7i(i),72(i))) - 1 < (cosh(d(7i(T),7 2 (T))) - 1) 



sinh(t) y 
K sinh(T) J 

Since cosh(a;) — 1 = 2 sinh(x/2) 2 we obtain the second estimate. Using sinh(x) > 
x for x > 0, this implies 

d(7i(*),72(*)) 2 , ( d(Mt),72(t)) V / d( 7 i(T),72(T)) \ 2 / sinh(f) V 

2 \, 2 ; " ^ 2 ; Uinh(T); 

Taking the square root and using the remark gives the second estimate. The last 
statement follows by expanding the sharp estimate by a power series in e and 
e -d( 7l (T), 72 (T)) and uging the fact that 2T > d(7i(T), 72 (T)) and T > t. ■ 
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We will sometimes distinguish a geodesic in SH which starts at x £ H by the 
notation ^ x and a geodesic starting at x and passing through y £ H by j x ,y One of 
the principal differences between CAT(— f) spaces and negatively curved manifolds 
is that while in both cases the geodesic segment between x and y is unique, in the 
former case there may be an infinite number of geodesies passing through any two 
points. 

Corollary A. 2. Assume that H is C AT {—\)-space. Let 71 and 72 be two geodesies 
such that 71(00) = 72(00) — C G dH. Setting d = d(7i(0), 72(C)) and p — 
P°(7i(0),72(0)), we have 

,/ / s /nn , -1 ( cosh(d) — cosh(p) , . . 
d(7i(s), 72(0) < cosh - ± T^ S + cosh (P + s - t) 



Assume p® (71(0), 72(0)) = and s = t, Then 
d(7i(*),72(*)) < 2sinfT 1 (sinh(d/2)e-*) < 



d-l(e- d + d-\)t 0<t<f 
2sinh(|)e"* i>| 



Proof. Let 71(0) = p, 72(0) = 9. Choose a point zt such that d(p, zt) — d(q, Zt) = 
T. Then 

d(j P ,z T (t), j q ,z T (s)) = d(-f ZT . p (T + c - t),j gT , q (T - s)) 

Note that zt — > C as ^ ~~ * 00 an d so 7 P , ZT (i) and 7 g , ZT (t) tend to 7p,c(t) and 
7?,c(*) respectively. Using the first estimate of the previous lemma, and noting that 
S1 "sinii(T+p) sinh(T)"^ tends to e _t_s as S, T — > 00, we obtain the first inequality. 

For the second inequality, take p — and s = t. In this case, the distance reduces 
(after applying identities) to 2sinh _1 (sinh(d/2)e _t ). Note that this function has 
positive second derivative in t. Therefore by convexity, the line between the initial 
value at t — and the upper estimate 2sinh(|)e~* at t — | is an upper bound. ■ 

Lemma A. 3. Assume that H is C AT (—1) -space. Let 71 and 72 be two geodesies 
with 71(0) = 72(0) = p. If c + = (71(00) • 72(oo)) p; then for any s > we have 

d( 7 i(s), 72 (t)) < cosh -1 (e~ c+ sinh(s) sinh(t) + cosh(i — s)) , 

and if s = t, then 



<2(7i(i),7 2 (i)) < 2sinh _1 (e~ c + sinh(i)) < 




sinh(i) t < c + 

c+) + 2e~* sinh(c + ) t > c + 



Proof. First observe that in the formula from Lemma lA.ll we may replace gd( 7 i (T) , 72 
by T — c + as we take S* = T — ► 00. Taking this limit we obtain 



cosh(d(7i(s), 72 (r))) -cosh(r~ 5) 

cosh(T) cosh(S) - cosh(T - S) 



Then rearranging terms on the left hand side we obtain the first inequality. Setting 
s = t and using standard identities we obtain 

d(7i(*),7a(t)) < 2sinlT 1 (e- c + sinh(i)). 
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Since sinh _1 (i) = t - £ + 0(t 4 ) and sinh _1 (l) < 1, we have sinh _1 (t) < t for 
< t < 1. So d( 7 i(i),7 2 (i)) < 2e~ c + sinh(t) for < f < sinh _1 (e c+ )- On the other 
hand, setting f(t, c + ) = 2(i — c + ) + 2e~* sinh(c + ) — 2 sinh - (e _c + sinh(i)), we have 

which is strictly positive. Since /(t, 0) = 0, we have 

d(7i(t),72(t)) < 2(t-c + ) + 2e-*sinh(c + ) 
for all t, c + > 0. However, the former estimate is more accurate when f < c+. ■ 

Lemma A. 4. Assume that H is C 'AT 1)- space. Let 71 and 72 be two geodesies 
with 7i(0) = 72(0) = p. If c+ = (71(00) • 7 2 (oo)) p; then for any s > we have 

/•OO 

/ d( 7l (i),72(t))e~ |t " s| dt < 4max{s - c+,0} + e -l c +- s l (|c+ - s| + 3) - (s + l) e - c +- s . 
Jo 

Proof. Now assume s > c+, then we have 
rf(7i(*),72(t))e- |t - s| rfi 

= / d( 7 iW,72(i))e t - s cit+ / d( 7l (i),72W)e-* +s cit+ / d( ll (t), l2 (t)) e - t + s dt 

JO Jc + Js 

Using the estimate of the previous lemma we can integrate each of these to obtain 

/•OO 

/ d( 7 i (t), l2 (t))e-^-^dt < e s - c + (a - c+ + 3) - (s + l) e - c +- s + 4(s - c+). 
Jo 

For s < c + we obtain, 

/•OO 

/ d(7i(t), 72 (t))e-l^ s ldt 
Jo 

f s fC+ poo 

= / d( ll (t), l2 (t))e t - s dt+ / d(7 1 (t), 72 (t))e-*+ s dt+ / d( ll (t), l2 (t))e- t+s dt 

Jo Js Jc + 

< e c +" s (c + - s + 3) - (s + l)e~ c +- s . 
Combining both of these cases together completes the proof. ■ 

Lemma A. 5. Let H be C 'AT '(— 1)- space. Let 71 and -f 2 are two geodesies, such 
that 71(0) = 72(0) = p. Let c + = (71(00) • 72 (oo)) p and c_ = (7! (-00) • 7 2 (-oo)) p . 
Then for all s > we have 

Proo/. 

1 f°° 1 f 00 

dist(g s 7i,g s 72 )=- y d( ll (t + s), l2 (t + s))e-^dt = - j d( 7 i(t), 72 (t)) e -l*- s ldt 

= 2 / d( ll (t) ri2 {t))e t - s dt+-J^ d( 7l (t),72(t)) e - |t - s| dt 
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Now for t < we use simple substitution t = — t to get 

/0 />oo 
rf(7iW,72(i))e t ^^<e" s / d( 7l (-i), ^(-t^dt 
-oo JO 

Now using the previous lemma, 
< e- s e- c -(c- +2). 
Again by the previous lemma, 

/•OO 

/ d(7i W J 72(t))e" l ^ s| dt < 4max{s - c+, 0}+e-l c +" s l (|c+ - s| + 3)-(s+l) e - c +- s . 
Jo 



Lemma A. 6. Let if &e CAT(— l)-space. Let 71 and 72 are two geodesies, such 
that 71 (0) = 72(0) = p. Let c + = (71(00) • 72 (oo)) p , c_ = ( 7 i(-oo) • 7 2 (-oo)) p and 
< P < 1. Tften /or all T > we have 

£ dist(g s 7 i, g s 72)^ S < + y) - e"^-^-) + I (l + sgn(T - c+) (l - e 



P\T-c+\ 



1 4. _ T ~ c + r -g|r-c+| , 2^ max{(T-c + ),0} 1+;3 

/3 + 2 J 6 2 + 1 + /3 

<(i + ^)e--- + |min{2,e^ + )}-g + ^ e -- + 
r-c + _ /3|T _ c+| , 2^max{(T- C+ ),0} 1+/3 



<|+max{(T- C+ ),0} 1+ ^. 



1 + 



Proof. Since < /3 < 1, we use (x + y) 13 < x^ + yP for x, y > and (a + x)' 3 < a + fix 
for a > 1 to obtain 

Integrating we obtain the first estimate. 

For the second inequality, we use 1 + sgn(x)(l — e~l x l) < min{2, e x }. For the 
third inequality, we overestimate the last term using that 2^ < 1 + (3 for [3 <G [0, 1]. 

Note that (j^ + (l — e~^ T ) e~@ c - < ^. So the worst case occurs in the first 

four terms by taking T — > 00, in which case we recover the given value. ■ 



In Particular, we have the following special case. 

Corollary A. 7. Let 71,72 are 2 geodesies in H, such that 71 (0) = 72(0) = p and 
c ± = (71 (±00) • 72(±oo)) p . Then for any < a < I, 
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JO 



dist(g s 7l ,g s 72 ) /3 rf S <min^,a C+ l ( ( 1 + ^- ) e"^- +2e~ p{ - 1 - a ^ 



£± p -/3c+ , (1 ~ Q)C+ g(1 _ aW 



2 2 



// in addition we assume c_ > (1 — a)c + , £/ien we /laue 

^" C+ dist(g s 7 i,g s 72) /3 ^ < e -^-^+ (1 + (1 - a)c+) . 

Proof. We use the first estimate of the previous Lemma with T = ac+. We then 
note that 1 — e~^ x < min {1, (3x} to obtain the first estimate. Using c_ = (1 — a)c + 
and dropping the — ^e _,3c + term we obtian the second estimate. ■ 

We finish this section with a simple lemma that we will use later. 

Lemma A. 8. Let H be CAT(-l) space. Assume that 7i(0) = 72(0) = p. Then 
for all a > and t > we have 

(a) , 72 (a) ) < d(~fi (a) , 72 (a + 1) ) . 
Proof. Using the comparession triangle we have 

cosh(<i(7i(a), 7 2 (a + t))) > cosh(a) cosh(a + t) — sinh(a) sinh(a + t)cos{/L p ("fi, 72)) 
Differentiating with respect t we have 
rf(cosh(rf(7i(a),7 2 (a + 1)))) 



dt 



> cosh(a) sinh(a + t) — sinh(a) cosh(a + t)cos(Z p ("/i, 72)) > 0, 



for t > as ™^h(a) 1S a decreasing function. 
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Appendix B. c®(x,y) is Holder. 

We recall the notations from Section 0] We let $ be a tempered Holder function 
on SH with Holder exponent < f3 < 1 and global Holder constant K. 

Lemma B.l. Let p S H. Assume 71,72 are two geodesies, such that 71(0) = 
72(0) = p and c+ = (71 (00) ■ 72(oo)) p . Then for all < a < 1 we have 



Proof. We have, 

|<f E> (p,7i(ac + )) - d*(p,7 2 (Q;c + ) 

Now apply Corollary I A. 71 



< 



$(g 4 7i) " $(g 72)* 

A"/ + dist(g t 7i,g t 72) /3 *- 
Jo 



Lemma B.2. Assume 71 and 72 are i«;o geodesies with 71(00) = 72(00) = £ /or 
some £ G <9iJ. Assume that (71 (0), 72(D)) = fi.e, 71 (0) and 72(0) Zie on the 
same horosphere around £). Then 



( 



dist(g s 7i,g 5 7 2 ) < 
Proof. By Corollary lA~2l we have 

d(7i(*),72(i)) < 2 sinh" 1 

Moreover, 



1 + d - 2 s + § 



s < - 
* — 2 



3 1 s_ d^i rf 

2^2 i) * ^ 2 



sinh 



d(g s 7iW,g s 72(t))e- |t| cit= / d( 7 i(t),72W)e- |i - s| dt+e- s / d( 7l (t), 72 (t))e i cit. 

1 JO J-oo 

As before, the second integral is less than 

(2 + c_ + d) e- c -- s < (2 + d)e" s , 

where c_ = (71 (-00) • 7 2 (-oo)) 7i(0) and d = d (71(0), 72(0)). 

Adding the first integral which can be evaluated in closed form, we obtain the 
upper bound, 



2e- 



4 csch" 1 e s csch(-) - 2 e s csch(-) -1 + \ 1 



sinh( 



2 / / 2 + V 4 - 2e- 2s + 2e- 2s cosh(d) 

e s \ ° g 1 2 + ^2 + 2 cosh(d) 



smh(-). 



If we denote the above by f(s), then f"(s) is positive for s > 0. Therefore we 
can overestimate / for < s < | by the line between its endpoints in this region. 
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Taking a power series of g(s) = e s d ^ 2 f(s) — (l — e d ) s at s = oo we find that g(s) 
decreases monotonically to the constant 

2 + (3 + log(16) - 2 log(2 + v /2 + 2cosh(d))) sinh(§) 

5 ' 

In particular, g(s), and hence e s ~i f(s) — s, attains its maximum at s = 5. So we 
can overestimate /(s) for s > f by e^~ s (s — | + / (f )) in this region. On the other 
hand /(f) is monotonically increasing in d, so we can overestimate it by its limit 

asd^ 00 which is 4- 2 V5 + 4 sinfT 1 (±)+sinh _1 (2) = 4-2 V5 + log ( 29+1 2 3v ^ ) . 
Putting these estiamtes together have: 



2dist(g s 7 i,g s 72 ) < 



2(l + d-2s+^ p LL) s<2 



d- s ( s -|+4-2V5 + log(29+fVl)) s > 

This can be further overestimated by 

' 1 + d - 2 s + ^ s < 



2 



dist(g s 7i,g s 7 2 ) < 



_ e 0M (f + f-f) s > 2 



Corollary B.3. Let x,y e if and £ e <9iJ. Assume that p^(x,y) = fie, x,y lie 
on the same horoball around and set d — d(x,y). Then 



r « \(i- T ) ! + ¥ + ! +! T <i 



Proof. Set 71 = 7^ and 72 = 7^. Using (a + x) 13 < a + flx for a > 1, we estimate, 



dist(g s 7i,g s 7 2 r< j e ,( # _ s ) (3 + ^_^) s> 

This yields 



2 



/* dist( g . 7 „ E . 72 )" = (*-2r) (2grf- + agr + .i(4 + g-4gD) 



/T 

and for T > \ , 



^°°di S t(g s 7i,g s 72) /3 = e' 3 (^ T )- 4+ ' (T 4) 



it 2/3 
After overestimating the first expression, we obtain 

f°° H f(f -T) U (l + d) + l) + | T< 



2 
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Lemma B.4. Let x,y € H and £ G dH. Assume that p^(x,y) = (i.e, x,y lie on 
the same horoball around £). Assume ^ is a Holder function, with Holder constant 
K . Then for all s > 0, 



f(f- s )(! + 4r 

\p c (-r*,d°),'Yv,d°))\ < K | e/3 (#- s ) (2 + 1 _ ij 



S > 2 



Proof. Since p^(x,y) = we have 

|Pc(^.c( s )'T».c( s ))| = y 1 ™, l d<f> (7y,c( s )'7j/,c( T )) ~ d *(7z,c( s )' 7z,c( T ))| 

/ |*(gS,c)-*(g t 7x,c)|^ 

<Js 



= lim 



/>oo 

dist(g t 7 y ,C'g t 7^c)' 3 *- 

J s 



For any two points x € H and £ G <9i/, let 7 x ,j(i) be a geodesic connecting a; 
and £, i.e., 7^(0) = x and lim^oo j x ,dt) = £• 

Now recall that any CAT(— n) space is 2<5-hyperbolic for some 6 > depending 
only on k. For the remainder of this section, let 6 be the smallest such constant for 
H. 

Lemma B.5. Suppose p,q G H and C, v G 9i? are chosen so that {C, ■ v) p > g) 
and Pf(p, o) > 0, tten 

d (7g,c((C ' v) p + pcip, q)), 7,, V ((C • + /9 w (p, o))) < 4(5. 
max{d(p,7 gjC (p c (p,o))),d(p,7 9 ,„(p I ,(p,o)))} < d(p,g) + 25 

Proof. The first inequality follows directly from writing down the conditions for 
<5-hyperbolicity. For (£ • v) v > d(p,q) we have |p^(p, g) — pj,(p, g)| < 2(5. 

Since pf (p, g) > 0, we therefore have p v {jp, q) > —2(5. By Lemma lA.8l <i(p, j q x(P((Pi ?))) < 
d(p, g) and hence d(p, 7 9 ,i/(p^(p, g))) < g) + 2<5 giving the second inequality. 

Finally, observe that 

max{(C • v) v + p c (p, q), (C • v) v + p v (p, q)} < (( ■ v) v + g^Ml+^M) + S = (( ■ v ) p + 5 
Thus we have 

d(7g,c((C ' ")p + PC(P> l)),7qA(C ■ v)p + PAP, <?))) < d(7,,c((C ' f)?),7«,«>((C ■ i>)«) + 2(5) < 4,5. 



At this point we need to make an assumption about the way we extend geodesies 
backwards. 

Definition B.6. We say that H has bounded flip if there exist positive constants 
Ri and i?2 such that for all £, v G 9i7 and y> G i?, it is possible to choose two 
geodesies 71 and 72 such that 7^ = C, 7^ — v i 7i(0) — P = 72(0) and we have 

(7f ' 72~) 7 i(0) ^ i? i(7i + ' 7^)71(0) - R 2- 
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Remark B.7. Observe that the Cayley graphs of free groups have this property 
(with R\ > arbitrary) since the backward endpoints of geodesies through p can 
be chosen independently of the forward points. For a simply connected manifold 
M with pinched negative curvature between —1 and — b 2 , we have 6(7^ -7^)71(0) > 
(7^ • 72~) 7l (o)- I n particular, M has bounded flip. On the other hand, it is easy 
to construct simply connected manifolds with unbounded negative curvature less 
than —1 which do not possess bounded flip. Simply take a geodesic 7 through p 
whose forward ray passes through a region of curvature —1, but whose backward 
ray has the property that every 2-plane tangent to 7'(— t) has sectional curvature 
— e 2t . Therefore for any sequence of geodesies 7* through p with 73 — > 7 we have 

hi ■'( )p 

The next proposition shows that CAT(-l) spaces which are either tree like or 
have pinched curvatures in a weak sense and admit a cocompact group of isometrics 
have bounded flip. This family includes other important examples such as hyper- 
bolic buildings. Conjecturally this any CAT(-l) space with a cocompact group of 
isometries has bounded flip. However, we were not able to show this. 

Proposition B.8. Suppose G acts cocompactly on H, and there is a K < — 1 such 
that every triangle with two endpoints in dH either 

(1) has both sides meeting the interior vertex along a common segment, or 

(2) is fatter than its comparison triangle in Hf^ the plane of constant curvature 
K. 

Then H has bounded flip. 

Proof. Since the assumptions imply that H is a proper metric space, even if it is 
not geodesically complete, any Cauchy sequence of geodesic segments with respect 
to Hausdorff distance is convergent. This implies that dH is complete, and hence 
compact, with respect to the quasimetric 7r p (C, v) = e~^ ,!y ) p . In particular, a 
sequence of geodesic rays through a fixed point has a subsequence which converges 
to a ray. 

Therefore if H does not have bounded flip, then we may assume there is a fixed 
geodesic 7 and a sequence of geodesies 73 with 7i(0) = 7(0) and 7^ — > 7 such that 

linii^oo ^ 7 '_ 7 _^ (0) — ► 00 where (ct _ • 7 _ ) 7 (o) < (7 4 r ■ 7~) 7 (o) f° r any other geodesic 

o satisfying tr(0) = 7(0) and cr+ = 7+. 

For triangles of the first type the geodesies from 7(0) to 7/ and 7+ can be 
extended in the opposite direction by a common geodesic, so that there is no con- 
straint imposed on the choice of constant Ri . 

For a triangle in the hyperbolic plane of constant curvature K = —h 2 with one 
point at p € H 2 and the other two vertices at £,C G dW 2 , the angle 9 at p is 
given by 9 — arcsin (2e~ fc ^'^ p ) . Therefore, the second assumption implies that 
ili > cr_ ) CT (o) > \{lt , cr+ )<r(o)- So that R x may be chosen to be p ■ 

Proposition B.9. Assume H has bounded flip. For p G H we define 7r p (£, £) = 
e -(C C)p There exists e > and constant D§ depending only on $ such that for 
any q € H we have 



sup 



ed(p.q) 
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Proof. Let f(p, q) be the left hand side of the expression. Even though, pf(p, q) — 
—p®{q,p) for all £ £ dH, we may still have f{p,q) ^ f(q,p) since (( ■ v) p — 
(C • v) q + i (p((q,p) + Pu{q,p))- However, by cocompactness of T, there is a 7 £ F 
such that d{^p,q) < diam(iJ/F) and ir p ((, v) = Tr 7p (j(,jiy). The lower semi- 
continuity of f(p,q) implies that f(p,q) < f (q, p)e 2e dlam (^/ r ). Therefore, without 
loss of generality we assume that p^(p, q) > 0. 

Set r = 7Tp(C, t>) < e- d{ P-^ and c+ = (C ■ v) p = - log (r) > g) (so e~ c + = r). 

From the definition of /?*, for all x,y £ H and £ € <9if and ii,i2 > 0, we have 

pf(x,y) = pf(7o:,e(ii),7j/,e(*2)) + <2*(2/,7j/,e(*2)) - d^(x,-y x ^(h)). 

And points p and 7^.5(^5 (p, <?)) lie on the same horoball for all p, q £ H £ £ dH. 

Now let us estimate p®(x,y) — p®(x,y) . Let a £ (0, 1) be a parameter which 
we will specify later. 

We will concentrate on 4 points 

lv,d ac +),lq,d ac + + PciP,q)), and j P:U (ac + ),j q:V (ac + +p v {p,q)). 

It is not difficult to see that the first two points and the last two points lie on the 
same horoball. 

Now we can make the following estimate. 

Pc (p, 1) - pt(p, ?) =Pc(7p,c( a c +)' 7 9 ,c( ac + + Pt(P> l))) - pt{lpA ac +)i liA a c + + P»(P> 1))) 
+ d' s '(q,j q x(ac + + p c (p, q))) - d*(q, j q , v {a c + + Puip, q))) 

We will estimate each line separately. However, we will do the estimates in the 
order they appear. 

The estimates of each p* term are similar and we will consider them together. 
While Lemma lB.51 tells us that d(p,jq.^(p^(p, q))) < d(p,q) + 26, we need a bet- 
ter bound when d(p, q) is small. Using Corollarv lA.2l we can solve to also show that 

dip, 7 9 ,c(Pcfe <?))) < ^sh- 1 (| (cosh(d(p, q)f + 1)) . Since f(t) = -^(K^^+i)) 

is monotone and lim^ /(*) = 1 and lim^^ f(t) = 2, we have d{pnq ^ P q) P ' 9))) < 

min q)), 1 + cL(p,q) } — wnere Co £ (1, 2) is a constant depending only 

on 5. 

Co iha-n nr- , ^ d (P^1,i (PC ) ) 



Since c + > d(p, g) , if we choose any 1 > a > ^ then ac + > v g,a 2 a ^ and 
symmetry, ac+ > ^feilaiii^iPigili . Therefore by Lemma fB. 41 we have, 

(><c( ac +)'7?,c( ac + + Pcfe 9))) I > |^*(7p,f(«c+))7g,f("c++Pi'(P) ?)))|} 



< 2Ke- pac + max 



< Ke pac+ e p y— +0 > ^ + - < e 

V * pj P 

- /3 /3 
Here we have used the fact that e~ x (A + Bx) < Ae~^~^ x , for x > 0. 
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Observe that 7p,f (0) = 7 P ,„(0) = p, so we can apply Lemma [B.1 
H*(p,7p,c( ac +)) ~ d *(p,lp,vi ac +))\ 



2^ / e f/3fl2 r |/3fli +r |/3(l-«) 



2.K" 

7" 

recalling that c_ > i?ic + — i?2 yields, 
2K 

T 

A- 

Now we will repeat this to the second estimate at the point q. 

|d*(<?,7 9 ,c( ac + + Pc(p> 3)))- d*(q,7 9:i ,(ac + +ft/(P, 9)))| 
< |d*(g,7g,c( ac + - d®(q,lq,u(®c+ +Pc(p>0)))\ 

+ \d*(j q ,v(ac + +pc{p, q)),j q ,v(ac + + p v (p, q)))\ 

Note that (£ • i/), = c+ + | (p c (p, g) + p u (p, q)), so |c+ + p c {p, q) - (C • < 2(5. 
We use Lemma fB . 1 1 ( with (£ • v) q in place of c+) again to estimate the first term, 
and estimating the second term explicitly, we have 

2K ( -|/3(7„,c(-oo)-7^(-oo)) 3 , -|/3(l-a(l+ T? %)-(l-a)^f)(C^) s 



< p-tP^9,<:K-^>)-fq^K-°°)) q \p 

+-K"ipf(p> 9) -pi/(p, ?)i 

<^ ^ e -|/3(« 1 o + -fi 2 ) +eS P" ( 



2 Ji ^ e -|/3(-Ric+-fi 2 ) +e f/3« e -|/3(l-a)((C- W ),-p { (p ig ))^ 



+ K \p c (p, q) - p v (p, q)\ 
2K 

T 

Now let us specify e and a. Suppose eo is the least upper bound of e for which 
7Tp is a metric. In a moment we will need to choose e so that 

/ 3 3 3 3 R 

e < min ( e , -0a,-/3Ri, -(3(1 - a), -/3a - - 

Recall l>a>^>i. So the best upper bound for e will be when |(1 — a) = 
fa — | or a = §, assuming this is larger than Co. This is the case when 8 is chosen 

for a CAT(— 1) space. This yields an upper bound of e < min |eo, f/3-Ri, § j ■ 
P*(P> 9) - P*(P. 9) 



< 



r 



/3 V / r e 
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The last term can be controlled since sup M( ^ e - dlp , q) IMp^-Mp^I < Ce ed ^' q \ 
Since all powers of r are positive and r < e^ d ^ p ^ < 1 we have finished the proof. ■ 
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Appendix C. Decaying condition. 

Recall that S p (q,r) G dH is the shadow of the ball B(q,r) C H with respect to 
point p 6 H. 

Theorem C.l (Shadow Lemma Kai04 ). Assume G acts cocompactly on H . If 
is a Gibbs stream associated to $ 7 then for any r > and p G H there exists 
C$(r) > such that 

_}_ e [-d*(p, q )-\*d{ P , q )\ < ^( Sp {q,r)) < GfMe'-^tw)-^* 9 ", 
for all p,q G if. 

Remark C.2. The proof of the above theorem shows a little more. If G < Isom(ff) 
is arbitrary, then the same conclusion holds but with C$ also depending on p and 
d(q,G-p). 

Recall that under our assumptions on <&, we have A$ = 0. 

Let {m p } p( zH be a Hausdorff stream, i.e., any Gibbs stream associated to $ = 0. 
Let Ao be its critical constant. We have the following 

Corollary C.3. There exists a constant K^> such that for any $ satisfying the 
normalization A<j> = 0, 

K<S> JdH 

for every s > 0. 

Proof. Fixr > 0. Take the largest non-intersecting collection of balls {B(qi, r/2)}* =1 
such that d{p, qi) = s. 

Claim: The collection of {S p (qi,r /4)}^ =1 is disjoint 

A Assume that £ G S p {qi,r/A) n S p (q2,r/2). Let £j, i = 1,2 are such that 
7p,s(*i) £ B(q l ,r/A) 1 for i = 1,2. It is clear that s - r/4 < i 1} t 2 < s r/4. Thus 
<%>7p,e( s )) < r / 2 for » = 1,2. Therefore, B{q x ,r/2) n B(q 2 ,r/2) ^ 0. Contradic- 
tion. ▲ 

An easy argument shows that U*L 1 f?(gi,r) cover a sphere of radius s around p. 
Claim: {S p (qi,r)}f =1 is a Besecovitch cover for dH with Lebesgue number 
B$(r) = C$(9r/4)C$(r/4). 

A Let £ G dH. Assume that £ G S p (qi,r) then easy calculation shows that 
d(qi,J P ^(s)) < 2r. Thus B(q i} r/4) C B(~/ p ^(s), 9r/4) and therefore, 

S p ( 9l ,r/4) c S p ( 7p , s (s),9r/4). 

Since {5 p (g r i, r/4)} are disjoint, by Theorem above there are at most C$(9r/4)C$(r/4) 
Shadows that cover £. This proves the Claim. ▲ 

Let {S p (qi, r)}^ =1 be a Besecovitch cover as above. By choice of the qi we have 
c + = (£ • > s — r. By using the proof of lemma IB . II with the last estimate in 
Lemma [Ql f with T = s = c + + r) for any two points £, ^ G S p (q, r) we have 

|d*(p,7„,f(a)) ~ d*(P,7 P »)| < * (| + r 1+ ^ , 
where if and /3 arc the Holder constant and exponent of $ respectively. 



HARMONICITY OF GIBBS MEASURES 



33 



So 



JdH l=1 Js p ( qi ,r) 

< V / e- d *^e K (? +rl+ *)dm p (0 

l=l JS p { qi ,r) 

= j2e- d ^e K ^ +rl+0 )rn p (S p ( qi ,r)) 
i=i 
fe 

< ^ C*(r)/i*(S P (?i, r))e K (i +rl+0 )m p (S p ( qi , r)) 



2-1 

<E^(r) A1 *(^( <Zl ,r)) e ^(l+'- 1+ ")Co(r) e -^ s 



< e K (f +rl+ ' 9 )Co(r) e - AoS B $ C <I ,(r) 
Similarly we can obtain a lower bound 

f e -d*( P ,7 P As))dm p (t)> -l-y" f e- d *( p '^ s »dm p (£) 

JdH S * J=1 Js p ( qi ,r) 

^* i=l ^S p ( 9i ,r) 

= 1 ^--•Me-^)^,)) 



i=i 
fc 



4^ f, * (Sp(9 " r))r " ( ' +rIW)mpft(? " r)) 

> J_ e -*(*-*- 1+fl ) 1 e -Ao, 

" 5$ C (r)C*(r) 

Now since the integral does not depend on r we can find satisfying the lemma. 
This proves the Lemma. ■ 

Remark C.4. While we will not need this, the above proof generalizes to show that 
there exists a constant K = K<s> lt $ 2 such that for any Holder functions $i, $2, not 
necesarily normalized, 

. f e -rf #1 (P>7 P , 5 («))^*2(^ < R 
JdH 

for every s > 0. 

Proposition C. 5. For any fixed p e H, the function $ + A$ has a positive geodesic 
average along any geodesic which stays within a fixed distance from the orbit G ■ p. 
If G acts cocompactly on H , then for some e > 0, $ + A$ has geodesic average e at 
allp e H. 
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Proof. First observe that for any p,q g H and U € dH we have that 

d M * 



J(7 J(7 "Mb •/[/ 



= e (||»|U+A,)«J(p, 9 ) /1 «^ i 

By Theorem EU we have that for any fixed R > 0, 

_!_ e [-d*(P,<r)-A*d( M )] < M *( 5p ( 9;r )) < C$ ( r ) e M*(P,9)-A*d( M )] ; 

for all q with d(g, G • p) < i?. 

Fix r and set the constant Cq = C$(r). In particular, for any if > 1 and 
corresponding e = -g^- > 0, there exists T p such that for all q with the property 
d(Pi O) > and d(q, G ■ p) < R, we have (j, p (Sp(q, r)) < e. This implies that 

d*fo 9) + A$d(p, q) > - log(e) - log(C ) = log(#) > 0. 

This proves the first statement. Since it is not clear that e varies continuously in 
p, we will have to do a little extra work for the stronger statement when G acts 
cocompactly. 

For all p' such that d(p,p') < di&m(H/G), by corollary 14.51 

\d*( P) q)-d*(p',q)\ <D(dmm(H/G)). 

Thus for all q such that d(p',p) < diam(iJ/G) and d(p,q) > T p we have 

tP(j/,q) + \<s>d(p',q) > d*(p,q) + \<i>d(p,q) - D(dmm(H/G)) - A»d(p,|/) 
> log(K) - L>(diam(iJ/G)) - \$d(p,p'). 

Take if such that a — log(K) — £>(diam (H/G)) — \§d(p,p') is positive. 
By G invariance we have proved that for all p, q such that d(p, q) > T = T p + 
diam(iJ/G) we have 

d?{p, q) + A$d(p, q) > a. 
Now for every geodesic 7 and N > T we have 

JV 

$(-j(t))dt + X^N = 







/[N/T}-2 (l+1)T \ N 

= [ Y\ / *(7(t))dt + A*T + / *(7(i))tft + A»(JV-[JV/r]T- 

\ l=Q JiT y J[N/T]T-T 

/[N/T]-2 

= E d*(7(i*),7((i + l)r) + A«d(7(it),7((< + l)r) 

y i=o 

+ d*( 7 ([JV/T]T - T), 7 (7V)) + A*d( 7 ([iV/r]T - T), 7 (iV)) 
> ([N/T] -l)a + a= [N/T]a > - a 

This shows uniformly positive average along all geodesies. 
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